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The CNN Paradigm

Leon O. Chua, Fellow, IEEE, and Tamdas Roska, Fellow, IEEE

Abstract—Since its invention in 1988, while retaining the two
basic concepts of local connectedness and analog circuit dynamics,
the CNN paradigm has evolved to cover a very broad class of
problems and frameworks. In this paper a tutorial summary of
the various classes of CNN is presented along with a precise
taxonomy. Some examples are presented to demonstrate the
inherent richness of this paradigm.

[. INTRODUCTION

ANY complex computational problems can be reformu-

lated naturally as well-defined tasks where the signal
values are placed on a regular geometric 2-D or 3-D grid,
and the direct interactions between signal values are limited
within a finite local neighborhood (sometimes called the
receptive field).!The invention, called cellular neural network
(CNN) [1], [2], is an analog dynamic processor array which
reflects just this property: the processing elements interact
directly within a finite local neighborhood. Unlike cellular
automaton or systolic array, here we have analog processors
and interactions, and due to dynamic propagation, not only
the near neighbors are in interaction. Also differing from
general neural networks, our CNN cells (some of them are
totally unrelated to the many ideal neuron models) capture
the geometric, nonlinear, and/or delay-type properties in the
interaction weights.

Since 1988 many researchers have made significant con-
tributions to the CNN paradigm by various generalizations,
while retaining two original ideas: cells are analog processors
with continuous (not binary) signal values and interactions
are local within a finite radius. Although barely four years
since its inception, phenomenal progress on CNN has been
made [68]-[71], most of which have been documented in the
first two IEEE International Workshops on Cellular Neural
Networks and their Applications (CNNA Budapest 1990,
Munich 1992), in the Special Issue of the International Journal
of Circuit Theory and Applications in 1992, in several special
sessions at international conferences, and in the first book on
this subject to appear in 1993.

Due to their local connectivity, CNN’s can be realized
as VLSI chips and can operate at a very high speed and
complexity: from the first fully tested chip [57] one can
extrapolate a 0.3 TeraXPS performance for a 10 x 10 mm?
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chip using a conservative 2-um technology. Since the range of
dynamics and the connection complexity (connections per cell)
are independent of the number of processing elements (cells),
the implementation is reliable and robust. The unprecedented
speed of the proliferation of the CNN paradigm is partly due to
these facts. The relative ease of “programming,” i.e., the design
of cloning templates, is based on the geometric aspects of these
“analog instructions.” It turned out that the CNN model is just
the paradigm biologists are looking for, namely, a unifying
model of many complex neural architectures, especially in the
case of various sensory modalities.

In the original paper in 1988, it has been shown that the
CNN is also a spatial approximation of a diffusion type partial
differential equation. By adding simple circuit elements to the
cells it has been shown [7], [63] that some simple wave type
equations can be represented as well.

In this paper we give a concise tutorial description of the
CNN paradigm along with a precise taxonomy. Section II
contains the exact definition of the CNN, and the canonical
equations are described in Section III. In Section IV the
importance of many independent input signal arrays, adaptive
templates, and the multilayer capability is emphasized and
motivated by examples. In Section V the CNN paradigm
is reviewed, and in Section VI we show how simply the
wave-type PDE can be generated. Section VII contains the
complete taxonomy. In the Appendix a part of a current CNN
software library is also given. Finally, we give a selected list of
references. Although it is not complete, it gives a very broad
source of information. The table of contents below gives a
more detailed outline of the paper.

II. DEFINITION AND REMARKS

The definition below follows the original one [1], empha-
sizing the generality of the cell and the interactions, and
using “CNN” as a generic term, which could be interpreted
as cellular neural network, or, in a more general context, as
cellular nonlinear network.

Definition: The CNN is a

i) 2-, 3-, or n-dimensional array of

ii) mainly identical dynamical systems, called cells, which

satisfies two properties:

iii) most interactions are local within a finite radius r, and

iv) all state variables are continuous valued signals.

A template specifies the interaction between each cell and
all its neighbor cells in terms of their input, state, and output
variables.

Remarks:
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1) Each cell is identified by 2, 3 (or m) integers
G, 3, k..., n), ie., the space variable is always
discretized.

2) The time variable ¢ may be continuous or discrete.

3) The interconnection effect represented by the cloning
template may be a nonlinear function of the state z, out-
put y, and input u of each cell, within the neighborhood
N, of radius r, as well as that of the time ¢ (e.g., time
delay or time-varying coefficients). The cloning template
is not space invariant in general, rather it is a useful
special case as it was defined in [1] (the space invariance
is not specified in the original constitutive relations).

4) The dynamical system is governed uniquely by an evolu-
tion law (e.g., ODE, discrete maps, differential-difference
equations, functional equations, etc.) such that given
z(to) and u(t) for all ¢ > ¢, and given the signals
stored in the delay lines at t = ¢, (if there is any),
z(t) is uniquely determined for all ¢ > t,. This includes
the boundary conditions.

5) Occasionally, the dynamical system and/or the intercon-
nections may be perturbed by some noise sources of
known statistics.

As to the array grid, the cell (or processor) dynamics, the

interaction, and the mode of operation, etc., there exist many
choices. They will be classified in Section VIIL.

L, (IJ k)
LY('I KI))

A simple CNN cell.

i

Fig. 1.

III. THE MAIN TYPES OF CANONICAL EQUATIONS

Suppose for simplicity that the processing elements are
arranged on a 2-D grid (one layer), although this layer can
obviously be duplicated to form a multilayer CNN. Without
loss of generality, we will follow [1] and write the equations in
2-D. One processing element with a nonlinear template [3] can
be seen in Fig. 1. The controlled current sources connected by
dotted lines represent the interactions within the neighborhood
N,.. Observe that without these interactions, each processing
element is just a low-pass amplifier with output saturation.

The dynamics of the array can be described by (setting
C:=1R, =1

Uaij(t) = ~vaii () + Y Aija(vyia(t), vyi;(t)
KIEN, (i5)
+ Z Bijit(var(t), vui; (8)) + I ¢))
kIEN,(i5)
Vyij = f(Vzi;);  (in many cases I;; = I), 2)

where i refers to a grid point associated with a cell on the 2-
D grid, and kI € N, (ij) is a grid point in the neighborhood
within a radius = of the cell 55. A and B are the nonlinear
cloning templates [3].

unity gain high gain thresholding

Gaussian inverse Gaussian negative slope

Fig. 2. Some simple useful nonlinear functions in the CNN cells.

Some useful nonlinear output functions f are shown in Fig.
2. In [3, equation (2b)] we have proposed a dynamic output
function in the form of

~vyij + f(vzij) )

as a higher order dynamical system. The simplest case of a
dynamical output function consists of a capacitor connected
across the cell output.

Delay template elements [3] contribute two additional terms:

Yo AGavk(t-1+ Y Blva(t-1). 3

kleN.(if) klEN,.(ij)

Uzij =

In many applications, the cloning templates A and B and
the threshold current I are translation invariant. Observe that
until now, as in the original paper [1], we have not used this
restriction (sometimes also called a space-mvanant template).

In the case of single variable A and B functions, the
linear (space-invariant) cloning template is represented by the
following additive terms [1]

Z Ajjrvgi(t) +

kleN,.(ij)

Z BI] klvukl ) “)

klEN.(3])

In this case, when the template is space invariant each cell
is described by a simple identical cloning template defined by
two (2r 4+ 1) X (2r + 1) real matrices A and B, as well as
the constant term I. In addition, as a very special case, if the
input and the initial state values are sufficiently small and f is
piecewise linear, then the dynamics of the CNN array is linear.

Unlike other standard analog processing arrays, or neural
networks, the one-to-one geometric (topographic) correspon-
dence between the processing elements and the processed
signal-array elements (e.g., pixels) is of crucial importance.
Moreover, the cloning template has geometrical meanings
which we can be exploited to provide us with geometric
insights and simpler design methods.

Continuous input (output) signal values (e.g., gray scale
images) are presented by values in the range [—1, 1]; (e.g.,
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—1 is white, +1 is black, and gray-scales are in between).
Without loss of generality, we can assume

[vuii() IS 1, |245(0) [S 1. )

It has been shown [1], [3] that, if the constraint equations (5)
are met, the range of dynamics is bounded by a single number
M which can be calculated in terms of the cloning templates:

M =max{| voi;(t) [} = D | Aijua(vymi(t), vyi;(2)) |

klEN-(ij)
+ >

| Bijiki(vurt(t), vuis () | + | Lj | . (5)
kIE N, (ij)

Discretizing (1) in time, the numerical solutions of the
dynamics of the CNN can be calculated (like in the case of
general neural networks). Using [2, equation (11)] with the
time step h = 1 we get the following equation for the linear
template

ig(n+1) = Z Ajrivyri(n) + L (©)
klEN,(ij)

where vy (n) = f(vzri(n)) can be any convenient nonlinear
function (e.g., f(z) = sgn(z) [6]) and I;; contains both I
and the feedforward terms. Equation (6) is the discrete-time
CNN equation. One desirable feature of this class of CNN is
that switched-capacitor analog circuits can be used and that
digital hardware accelerator boards [21] can be utilized for
exact simulation.

Noise current sources can be inserted in parallel with the
input, state, or output port, of each cell; even they can be
added to the cloning template atoms. Inserting an additive
noise current source to the cell state capacitor we get the
following equation:

baij() = —vais () + Y, Asima(vygna(t), vyis (1))
klEN, (i7)

+ Y Bimi(van(t), vuis(8) + Ly +mi5(8) - (7)
KlEN,(i])

where 7;;(¢) is a noise source. This model has been found to
be extremely useful in some biological learning processes [74].

If the cell dynamics are described by a multivariable dy-
namical system the canonical equations can be modified ac-
cordingly (see, e.g., [41] in the linear case).

IV. INDEPENDENT INPUT ARRAYS, ADAPTIVE
TEMPLATES AND THE USE OF DIFFERENT LAYERS

To exploit the full capability of the CNN, the possibility of
applying 2 or 3 independent inputs cannot be overemphasized.
In array processing applications, two independent input signal
arrays S1(2j), S2(¢j) can be mapped onto the CNN as

S1(i5) = vuij(t)

while the output signal array S,(ij) is associated with vy;;.
In many important applications these signal arrays are real
images or geometric maps of other signals (e.g., thermographic

and 52(1,]) = ’Um'j(O)
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Layer 1

TEM 1

Layer 2
with space variant

Local Logic Unit

— ouT

(L)
TEM2

Fig. 3. An example of the use of an adaptive translation variant template.

images [40]) and the associated CNN can be used for solving
complex processing tasks. The generic input can be time-
varying (continuous and discrete-time), but the initial state
usually changed in sampled mode only, after the transient has
settled.

Moreover, if the constant current term I (bias or threshold
current in VLSI implementation) of the cloning template is
space-varying (I;;) then we have an additional input signal
array. This array, which may be time-varying as well, could
play the role of a spatial geometric program. This, possibly
time-varying, spatial program may be a reference map, or a
prescribed route, etc. Since the dynamics of the CNN is very
sensitive to this bias term, this provides us with an effective
way of programming.

In addition, in a fully transient mode, the time-varying
bias term may adapt to the local circumstances calculated
dynamically by another template. This is a special case of
an adaptive translation-variant CNN.

The following example illustrates this generic capability:
how to control the template through its bias current term,
based on the local properties of the input. A given local
property (e.g., average gray-level, or intensity, or texture)
is checked by a given template with higher speed and the
resulting map is used to control the other template (of lower
speed) which is used for checking another property (e.g.,
contour detection). Even the results of the two templates can
be combined logically (if they are black and white).

Example 1: Given a painting (from Rembrandt and Fab-
ritius, Museum of Fine Arts, Budapest) where one part of
the painting is much more luminous (the angel) than the
other parts. The structure of the CNN algorithm for detecting
contours from an image is shown in Fig. 3 without the local
logic. The input image is shown in Fig. 4(a) and the output
images without and with the adaptive template control are
shown in Fig. 4(b) and (c), respectively. The two templates
performed the following functions.

TEMI1 calculates the bias map for TEM2 (with initial state
equal to the input).

TEM1 (r = 2)

0.02
0.02
0.03
0.02
0.02

0.02
0.03
0.04
0.03
0.02

0.02
0.02
0.03
0.02
0.02

0.01
0.02
0.02
0.02
0.01

0.01
0.02
0.02
0.02
0.01
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(@) Fig. 4(c)

Lij = —vyij, (layerl)

with initial states set equal to zero.

Observe that while contours (edges) can be detected only
in one part of the image when only an averaging template
is used, the adaptive template-pair TEM1-TEM2 results in a
much better detection in the other parts of the picture as well.

The multiple layers of the CNN can be used not only
for representing 3-D structures, the 2-D layers may represent
different modalities as well. In the case of color image
processing they may represent different colors. The next
example shows briefly this option.

Example 2: The key idea is the following. Each basic color
is represented by a CNN layer. For example red, green, and
blue (R, G, and B) layers can be used (Lg, Lg, and Lg). The
structure of the templates representing the interactions within
a neighborhood (receptive field) is determined by modeling
the center-surround antagonism between different color-layers.

®) Single opponency means a given cell is excited by a given
color input and from the surrounding cells representing another
Fig. 4. Example demonstrating the advantage of using an adaptive template: ~ €Olor input the off-center template elements are inhibiting

(a) the gray-scale input, (b) the output without, and (c) with adaptation. (negative). For example, R, -G_ means: a cell output in the
red layer is increased by the red-cell input and decreased
0.01 0.02 0.02 0.02 0.01 by the green-cells input in the surrounding area within the
0.02 0.02 0.03 0.02 0.02 given neighborhood. Using only feedforward interactions, the
B= {002 003 0.04 0.03 0.02 I=0. template (with r = 1) in the Lg layer may be

0.02 0.02 0.03 0.02 0.02

0.01 0.02 0.02 0.02 0.01 0 0 0
Agr = [0] Br=10 2 0 Ig=0
TEM2 (r = 1) 00 0
0 05 0 0 015 0
A=105 2 05 B=10.15 045 0.15 (in the center, “red on™), and from the Lg layer, the inhibitory
0 05 0 0 015 0 effects are defined by the G template, namely, representing

the inhibition from the surrounding green cells (“green off™),
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Fig. 5. Single opponency: (R4+-G_).

®

Fig. 5. (continued)

the interlayer template is

-1 -1 -1
Agr=[0] Ber=|-1 0 -1 Igr =0.
-1 -1 -1

(The numerical values are just for illustration.)

As an example, Fig. 5(a) shows a color image [73]. The
R, G, and B layers are shown in color in Fig. 5(b), (c), and
(d), respectively. Two single opponency (R,-G_) and (Y-
B_) and gray-scale output is shown in Fig. 5(¢). The results
of CNN templates acting on the original gray-scale image and
on the (R;-G_) are shown in Fig. 5(f) and (g). It is quite
interesting how many different details can be identified on
these last two outputs. Many other surprising results will be
reported in a forthcoming paper [72].

V. KEY ELEMENTS OF PROGRAMMABILITY

In addition to the variability of the bias term in the cloning
template, the additive property of the canonical dynamic
equations provides us with a unique capability.

The key circuit element of the whole CNN array is the
cloning template atom (a single additive interaction term)
which is implemented in VLSI technology as a voltage con-
trolled current source (VCCS), transconductance amplifier.
Hence, programming is based on this element. The cloning
template is the elementary program of the CNN (an instruction
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or subroutine) and it can be specified by giving prescribed
values, and/or characteristics to the template elements (atoms).

The full use of the programmability of CNN is exploited in
the CNN Universal Machine [76].

VI. CNN FOR SOLVING THE THREE BASIC
TYPES OF PARTIAL DIFFERENTIAL EQUATIONS

In the original paper [1] it was shown how a typical
partial differential equation (PDE), the heat equation, can be
approximated, on a finite spatial grid, by a CNN with a given
simple cell and cloning template. In addition, by adding a
capacitor across the output of this simple cell, wave type
equations can also be generated [7], [63], [70]. Moreover, at
equilibrium, we recover the Laplace equation. Hence we can
solve all three basic types of PDS’s: the diffusion equation,
the Laplace equation, and the wave equation.

The introduction of nonlinear and delay-type templates [3]
allows us to generalize the class of functions used in the dif-
fusion equation. Various types of reaction diffusion equations
and the autowave equation [44] are important examples of this
type of partial differential equations which have been proposed
for image processing.

Let us summarize these observations in a 2-D setting. If
a planar signal array (a spatio-temporal intensity function) is
I(z, y, t), then the nonlinear (reaction) diffusion equation is
represented by

8I/dt =D div grad {g(I(z, y, t))}+F(I(z, y, t), L) (8)

where g and F represent nonlinear functions, D and L are
scalars. I can easily be introduced by adding nonlinear diodes
across the capacitors.

As a special case, one obtains the following Laplace equa-
tion after the transient has settled.

0=D div grad {g(I(z, y, ))}. ©
The simple wave-type equation
8?1/0t* = D div grad {g(I(z, y, t))} (10)

can also be mapped onto a single layer CNN by using
cells augmented by an additional capacitor across the cell
output (see (2')). The mapping of any of these PDE’s onto
a CNN architecture necessitates a spatial discretization and
a numerical integration procedure resulting in a system of
ODE’s, which can be identified by (1) and (2). This step,
which has to be carried out beforehand, is crucial in preserving
qualitative properties, such as passivity or stability of the
original system in the CNN model.

VII. GLOSSARY OF CNN TYPES, A TAXONOMY

Based on the preceding generic definition of CNN, several
types of CNN’s can be generated. They can be classified
according to the types of the grid, the processor (cell), the
interaction (cloning template), and the mode of operation.
The next table (Table I) shows a summary of this taxonomy.

TABLE 1
THE WORLD OF CNN; A TAXONOMY
Grid types Processor types | Interaction Modes of
types operation
square, linear (or linear of one or | continuous-
hexagonal small-signal two variables, time,
tridiagonal operation in the | memoryless discrete-time
piecewise- (synchronous
linear or or
sigmoid asynchronous),
characteristics) time-varying
single and sigmoid nonlinear of local mode or
multiple (including one, two, or propagating
grid-size on unity gain, high | more variables, | mode
different layers | gain, and memoryless
thresholding) )
equidistant and | Gaussian delay-type fully analog or
varying grid (inverse combined with
size (e.g., Gaussian) logic (analogic
logarithmic, as computing
in the retina) CNN)
planar and first-, second-, dynamic transient-, dc
circular and higher (lumped) steady state,
order (e.g., one, oscillating, or
two or more chaotic mode
capacitors)
lattice (3D) with or without | symmetric and deterministic or
local analog nonsymmetric chaotic
memory
with or without | noiseless or
local logic - noisy
uniform or fixed or
nonuniform programmable
template
(continuous or
in discrete
values)

For almost all cases, useful templates and/or applications have
been developed already.

Comments

Grid types: Multiple grid-size [3] (e.g., coarse and fine grid)

may be useful in artificial systems, not only when mimicking
the visual system (magno and parvo cells [75]) but in detection
tasks as well. Varying grid size (e.g., logarithmic, like in the
retina) may make the CNN design more economical as far as
the area-complexity is concerned.

Processor types: Small-signal operation on the linear re-
gion is an important special case. Some sigmoid and non-
sigmoid nonlinear functions are shown in Fig. 2. Slightly and
regularly-varying processor types are useful when less accurate
components are used for highly accurate detection tasks (e.g.,
[59]). Two or three different cell types in a regular grid may be
useful, for example in color image processing. The embedding
of noise sources is useful in some learning tasks.

Interaction (connection) types: Many interaction types are
used. Representing the interactions by cloning templates is a
key notion of CNN. Not only translation-invariant templates
are used nowadays. Regularly varying templates are becoming
useful not only in adaptive time-varying templates, but also in
associative memories.

Modes of operation: Besides the usual fixed point mode,
the transient, oscillating, chaotic, and stochastic modes are
becoming more and more useful.
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A= 0 1 0 B=
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a a a
a a a I=threshold
a a a

Example: Input and output picture Threshold is -2.9.

Fig. 6.
00 0 0 O -1 -1 -0.5 0.5 1
0 0 0 0 0 -1 -0.5 1 1 0.5
A= 0 0 2 0 0 B=| -0.5 1 5 1 -0.5 I=-9
0 0 0 0 0 0.5 1 1 -0.5 -1
0 0 0 0 o0 0.5 -0.5 -1 -1
Example: Input and output picture.
-
~
D - -
rd - Rl
." / i
- < )
< ~ -

Fig. 7.

VIII. APPENDIX
SAMPLES FROM A CNN TEMPLATE LIBRARY

Name: Extreme

Function: Find the locations where the gradient of the field
is smaller than a given threshold value, i.e., find the extremities
of the picture. See Fig. 6 [40].

Name: DIAG

Function: Detects diagonal lines having an approximately
SW-NE direction (like /). See Fig. 7 [46].

Name: Gradient
Function: Find the locations where the gradient of the field

is higher than a given threshold value. See Fig. 8 [40].

Name: Movehor

Function: Direction dependent motion detection. Only ob-
jects moving horizontally to the left with a speed of 1
pixel/delay time remain on the screen. See Fig. 9 {46].
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Example: Input and output picture Threshold is -1.8.
Fig. 8.
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